Abstract. Several properties of a hyepergeometric series related to Gromov-Witten theory of some Calabi-Yau geometries was studied in [8] . These properties play basic role in the study of higher genus Gromov-Witten theories. We extend the results of [8] to equivariant setting for the study of higher genus equivariant GromovWitten theories of some Calabi-Yau geometries. 0. Introduction 0.1. Local P n geometries. Equivariant local P n theories can be constructed as follows. Let the algebraic torus
0. Introduction 0.1. Local P n geometries. Equivariant local P n theories can be constructed as follows. Let the algebraic torus
act with the standard linearization on P n with weights λ 0 , . . . , λ n on the vector space H 0 (P n , O P n (1)). Let M g (P n , d) be the moduli space of stable maps to P n equipped with the canonical T n+1 -action, and let
be the standard universal structures. The equivariant Gromov-Witten invariants of the local P n are defined via the equivariant integrals We associate Gromov-Witten generating series by
Motivated by mirror symmetry ( [1, 2, 7] ), we can make the following predictions about the genus g generating series F GW,n g . (A) There exist a finitely generated subring
which contains F GW,n g for all g. (B) The series F GW,n g satisfy holomorphic anomaly equations, i.e. recursive formulas for the derivative of F GW,n g with respect to some generators in G.
I-function. I-fucntion defined by
is the central object in the study of Gromov-Witten invariants of local P n geometry. See [5] , [6] for the arguments. Several important properties of the function I n was studied in [8] after the specialization
where ζ n+1 is primitive (n + 1)-th root of unity. For the study of full equivariant Gromov-Witten theories, we extend the result of [8] without the specialization (2). 0.3. Picard-Fuchs equation and Birkhoff factorization. Define differential operators
The function I n satisfies following Picard-Fuchs equation
The restriction I n | H=λ i admits following asymptotic form
A derivation of (3) 
where L i (q) is the series in q defined by the root of following degree
with initial conditions,
where s k is k-th elementary symmetric function in λ 0 , . . . , λ n . The ring
] will play a basic role.
The following Conjecture was proven under the specializaiton (2) in [8, Theorem 4] .
Conjecture 1 for the case n = 1 will be proven in Section 2. Conjecture 1 for the case n = 2 will be proven in Section 3 under the specialization (11). In fact, the argument in Section (3) proves Conjecture 1 for all n under the specialization which makes f n (x) into power of a linear polynomial. 0.4. Acknowledgments. I am grateful to R. Pandharipande for useful discussions. I was supported by the grant ERC-2012-AdG-320368-MCSK.
Admissibility of differential equations
Let R be a commutative ring. Fix a polynomial f (x) ∈ R[x]. We consider a differential operator of level n with following forms.
where
We assume that only finitely many A lp are not zero. Definition 2. Let R i be the solutions of the equations for k ≥ 0,
with R 0 = 1. We use the conventions X i = 0 for i < 0. We say differential equations (5) is admissible if the solutions R k satisfies for
Remark 3. Note that the admissibility of P(A lp , f ) in Definition 2 do not depend on the choice of the solutions R k .
with finitely many non-zero a i ∈ R. We define the order Ord(A) of A with respect to f by smallest i such that a i is not zero. Then
is admissible if following condition holds:
Proof. The proof follows from simple induction argument.
Lemma 5. Let f be a degree two polynomial in x. Denote by
with finitely many non-zero a i ∈ R. We define the order Ord(A) of A ∈ R f with respect to f by smallest i such that a i is not zero. Then
where B lp are elements of R f with
Proof. Since f is degree two polynomial in x, we have
Then the proof of Lemma follows from simple induction argument.
2. Local P 1 2.1. Overview. In this section, we prove Conjecture 1 for the case n = 1. Recall the I-function for KP 1 ,
The function I 1 satisfies following Picard-Fuchs equation
Recall the notation used in above equation,
The restriction I 1 | H=λ i admits following asymptotic form
The series µ i and R k,i are found by solving differential equations obtained from the coefficient of z k in (8) . For example, we have for i = 0, 1,
.
Here s 1 = λ 0 + λ 1 and s 2 = λ 0 λ 1 . In the above expression of R 1,i , we used the convention λ 2 = λ 0 .
2.2.
Proof of Conjecture 1. We introduce new differential operator D i defined by for i = 0, 1,
By definition, D i acts on rational functions in L i as the ordinary derivation with respect to L i . If we use following normalizations,
the Picard-Fuchs equation (13) yields the following differential equations,
Here s k is the k-th elementary symmetric functions in λ 0 , λ 1 . Since the differential equations (10) satisfy the condition (6), we conclude the differential equations (10) is admissible.
2.3. Gomov-Witten series. By the result of previous subsection, we obtain the following result which verifies the prediction (A) in Section 0.1.
Theorem 6. For the Gromov-Witten series of KP 1 , we have
where Q(q) is the mirror map of KP 1 defined by
Theorem 6 follows from the argument in [5] . The prediction (B) in Section 0.1 is trivial statement for KP 1 .
3. Local P 2 3.1. Overview. In this section, we prove Conjecture 1 for the case n = 2 with following specializations,
The predictions (A) and (B) in Section 0.1 are studied in [4] based on the result of this section. For the rest of the section, the specialization (11) will be imposed. Recall the I-function for KP 2 .
The function I 2 satisfies following Picard-Fuchs equation
The restriction I 2 | H=λ i admits following asymptotic form
The series µ i and R k,i are found by solving differential equations obtained from the coefficient of z k in (13). For example,
3.2. Proof of Conjecture 1. We introduce new differential operator D i defined by
If we use following normalizations,
. We give the exact values of A jl,i for reader's convinience. 
